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We study hydrodynamic slowing-down of a particle moving in a temperature gradient perpendic-
ular to a wall. At distances much smaller than the particle radius, h a, lubrication approximation
leads to the reduced velocity u/u0 = 3
h
a
ln a
h
, with respect to the bulk value u0. With Brenner’s
result for confined diffusion, we find that the trapping efficiency, or effective Soret coefficient, in-
creases logarithmically as the particle gets very close to the wall. This provides a quantitative
explanation for the recently observed enhancement of thermophoretic trapping at short distances.
Our discussion of parallel and perpendicular thermophoresis in a capillary, reveals a very a good
agreement with five recent experiments on charged polystyrene particles.
PACS numbers:
The motion of a colloid close to a solid boundary is
strongly influenced by hydrodynamic interactions. Thus
the like-charge attractions observed for confined colloidal
assemblies [2], were shown to arise from hydrodynamic
fluctuations [1]. Similarly, a surface-active particle with
a flow field perpendicular to the wall, induces lateral ad-
vection of nearby neighbors and cluster formation [3–7].
More recently, the collision patterns observed for self-
propelling Janus particles close to a wall [8], were related
to hydrodynamic interactions. Quite generally, the latter
are relevant where surface forces and confined geometries
are combined for sieving [11], trapping [12, 13], and as-
sembling colloidal beads [14].
A generic example is provided by a surface-active par-
ticle moving towards a wall. If hydrodynamic effects on
Brownian motion are well understood in terms of Bren-
ner’s solution for confined diffusion [15], this is not the
case for the drift velocity u. At distances h much larger
than the particle radius a, electrophoresis slows down
by the factor u/u0 = 1 − 58a3/h3 [16]. At short dis-
tances h < a, the wall-solvent-particle permittivity con-
trast strongly alters the local electric field; this electric
coupling is difficult to separate from hydrodynamic inter-
actions; a similar effect influences diffusiophoresis [17].
A more favorable situation occurs for thermophoresis,
where the drift velocity is proportional to the temper-
ature gradient [18, 19]: Since the heat conductivity of
silica or polystyrene (PS) particles is not very different
from that of water, the thermal gradient is hardly affected
by the presence of the wall [7], and velocity changes can
be unambiguously attributed to hydrodynamic interac-
tions.
Here we study the vertical motion of a particle that
is confined to the upper half-space z ≥ 0, as illustrated
in Fig. 1; applications are thermophoresis across a cap-
illary and self-propelling Janus particles that preferen-
tially orient toward the wall, or “pullers” [10]. In the
steady state, drift and diffusion currents cancel each
other, −uc − D∇c = 0, and the particle concentration
satisfies
−∇ ln c = u
D
. (1)
At large distances h  a, there are no boundary effects
FIG. 1: Schematic view of a particle moving towards a confin-
ing wall at velocity u. a) The arrows along the particle surface
indicate the slip velocity vs induced by thermodynamic forces.
b) In the narrow slit of width H(r) = h + a −√a2 − r2, the
vertical particle motion and the outward slip velocity result
in an intricate radial flow profile vr.
and Eq. (1) is readily integrated, c = c0e
−h/`0 , with
the trapping length `0 = D0/u0 [20]. As the particle
approaches the wall, both drift and diffusion are slowed
down by hydrodynamic coupling. As a main result, we
calculate the velocity reduction factor u/u0 in lubrica-
tion approximation (h < a) and by the method of reflec-
tions (h > a); with Brenner’s expression for the diffusion
coefficient [15], we evaluate (1) for both limiting cases.
The present work was partly motivated by the recent
observation that thermophoretic trapping at very short
distances is much stronger than in the bulk [21]. When
relating (1) to the Soret coefficient ST through u/D =
ST∇T , our results agree quantitatively with the data and
provide strong evidence that the observed increase of ST
is of hydrodynamic origin.
Hydrodynamic boundary effects. Particle drift arises
from the effective slip velocity vs induced by thermal non-
equlibrium properties of the boundary layer [19, 27]; with
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2the notation of Fig. 1 one has vs =
3
2u0(r/a). As the
particle approaches the boundary, the wall squeezes the
flow field and thus reduces the drift velocity to the value
u.
At very short distances, the flow in the slit is well de-
scribed by lubrication approximation, with the radial ve-
locity field
vr(z) = vs
(
z
H
− 3z(H − z)
H2
)
+ 3u
r
H
z(H − z)
H2
. (2)
The first term arises from the slip velocity vs, and sat-
isfies the conditions vr|0 = 0 at the solid boundary and
vr|H = vs at the particle surface H = h+ a−
√
a2 − r2.
Integrating over z, one finds that its net flow vanishes.
The second term accounts for the particle velocity u; one
readily verifies that the vertical volume flow pir2u within
a radius r, is cancelled by the radial flow through a cylin-
der of radius r and height H, that is, the z-integral of
2pirvr.
The relation between the particle velocity u and the
surface property vs, is established by noting that there
is no force F between particle and wall. From the ra-
dial component of Stokes’ equation, ∂rP = η∂
2
zvr, we
obtain the pressure gradient ∂rP = 6ηvs/H
2 − 6ηur/H3
which, upon integration, gives P (r). Performing its sur-
face integral along the wall and using that the diagonal
component of the viscous stress vanishes, σzz = 0, we
calculate [22]
F =
∫
dSP (r, z = 0) = 0. (3)
The second equality expresses the fact that there is no
mechanical or ‘thermophoretic’ force acting on the par-
ticle.
The condition (3) provides a relation between u and
u0, and thus quantifies the hydrodynamic effects on the
drift velocity,
u
u0
=
h
a
φ(h/a) (h a), (4)
with
φ(hˆ) = 3(1 + hˆ)
(2 + 6hˆ+ 3hˆ2) ln hˆ+1
hˆ
− 32 (3 + 2hˆ)
2 + 9hˆ+ 6hˆ2 − 6hˆ(1 + hˆ)2 ln hˆ+1
hˆ
(5)
and the shorthand notation hˆ = h/a. For very small
distances, hˆ ≤ 1100 , this expression simplifies to φ =
−3(ln hˆ+ 9/4). With (4) we have an explicit expression
for the velocity profile (2).
Now we turn to the case where the distance exceeds
the particle size, h > a. Following Keh and Anderson
[16], we start from the velocity field in a bulk liquid and
evaluate the first reflection at the wall [22]. The resulting
correction to the particle velocity vanishes as h−3,
u
u0
= 1− 1
2
a3
(h+ a)3
(h > a). (6)
FIG. 2: Reduced drift velocity u/u0 and diffusion coefficient
D/D0 for a particle moving toward a wall, as a function of the
relative distance hˆ = h/R. The curves at small hˆ are given by
(4) and (6), those at large hˆ by (7) and (8). The dashed line
is calculated from the first hundred terms of Brenner’s exact
series for D/D0 [15]. At all distances, the diffusion coefficient
is more strongly reduced than the drift velocity. The inset
shows the same at linear scale, thus highlighting the linear
law D ∝ hˆ and the logarithmic corrections for u at short
distances
A slightly larger correction, with a prefactor 58 instead of
1
2 , was found for the electrophoretic mobility [16]. The
difference of 18 arises from the deformation of the electric
field by the low-permittivity particle and by the conduct-
ing wall. In the case of thermophoresis, the correspond-
ing effect on the local temperature gradient is small, be-
cause of the relatively weak thermal conductivity con-
trast at the particle-solvent-wall interfaces [22]. A more
complex situation occurs if ion currents are relevant for
the slip velocity, e.g., through the Seebeck effect [20, 23]
or a permittivity change due to phase separation [24, 25].
Fig. 2 shows the reduced velocity u/u0 as a function
of distance; it changes rather little for h > a, but drops
to zero as h→ 0. For comparison we also plot the corre-
sponding expressions D/D0 for the diffusion coefficient.
At small distances, the lubrication approximation results
in the well-known linear variation with h,
D/D0 = h/a (h < a), (7)
whereas to third order in the inverse distance, the reflec-
tion method results in
D
D0
= 1− 9
8
a
h+ a
+
1
2
a3
(h+ a)3
(h > a). (8)
The dashed curve gives Brenner’s exact formula [15].
As a general rule, hydrodynamic slowing down is sig-
nificantly stronger for diffusion, as a consequence of the
long-range velocity field accompanying Browian motion.
3FIG. 3: Hydrodynamic effects on the effective Soret coeffi-
cient ST /a. The solid lines show the results from lubrication
approximation (9) and the method of reflection from (10); the
dashed line gives the bulk value S0T /a = 7.4 K
−1µm−1 [22].
The experimental points are from Table I.
Thermophoretic trapping. In view of a recent Soret ex-
periment by Helden et al. [21], we discuss confined ther-
mophoresis, where the stationary distribution (1) defines
the Soret coefficient ST through u/D = ST∇T . Assum-
ing a constant temperature gradient, one obtains hydro-
dynamic effects as the ratio of the correction factors for
drift and diffusion. In lubrication approximation, this
results in
ST = S
0
Tφ(hˆ) (hˆ < 1), (9)
whereas in the opposite limit we have
ST = S
0
T
1− 12 1(1+hˆ)3
1− 98 11+hˆ +
1
2
1
(1+hˆ)3
(hˆ > 1). (10)
In Fig. 3 we plot the Soret coefficient as a function of the
reduced distance h/a. As the particle gets closer to the
wall, trapping is enhanced by hydrodynamic interactions,
the Soret coefficient increases with respect to the bulk
value, and at hˆ→ 0 diverges logarithmically.
The bulk Soret coefficient.varies linearly with the par-
ticle radius, S0T ∝ a, due to the inverse variation of the
Stokes-Einstein coefficient D0 = kBT/(6piηa) [26] and
the constant drift velocity u0 [27]. In order to facilitate
the comparison of Soret data for particles of different
radius, we plot the ratio ST /a. Our findings provide
a quantitative explanation for the data of Helden et al.
[21]: For polystyrene particles (a = 2.5µm) very close to a
wall (h < 0.3µm), these authors reported ST = 140 K
−1
at room temperature; the reduced value ST /a is seven
times larger than those reported in previous experiments
on particles at large distances; see Fig. 3 and Table I.
The quantitative agreement with the present theory pro-
vides strong evidence that the enhanced trapping is of
FIG. 4: Size dependence of the Soret coefficient ST . For the
data of five experiments on polystryene particles, the ratio of
ST and the particle radius a is plotted as a function of a. The
data (+) are taken at room temperature, Duhr and Braun
[33]; () above 35 ◦C, Putnam et al. [30]; (4) at 25, 35, 45
◦C, Braibanti et al. [31]; (♦) Jiang et al. [32]; (©) at 28, 31,
35, 39, 44, 47 ◦C, Eslahian et al. [20]. The lines connect data
at constant temperature. Details are given in [22].
hydrodynamic origin. This is corroborated by the sim-
ilar temperature series observed at small [21] and large
distances [20, 31].
Since the linear size dependence of S0T is essential for
the above argument, we recall its theoretical foundation
and experimental confirmation. If the Stokes-Einstein co-
efficient needs no further discussion, a few words are in
order concerning u0. As first shown by von Smoluchowski
in his study of thin-boundary layer electrophoresis [28],
the equilibrium between surface forces and viscous stress
is independent of the particle radius, and so is the veloc-
ity u0. Later on, Derjaguin generalized this argument to
motion driven by composition and temperature gradients
TABLE I: Soret data for polystyrene particles in capillaries
with a perpendicular temperature gradient [20, 21, 31]. The
numbers ST /a give the data shown in Fig. 5 [31], or their
extrapolation to T = 25◦ [20]; that of Helden et al. is taken
from Fig. 4 of [21]. The values for the distance h correspond
to the range where data are taken [21] or, for weak trapping,
to `0 = D0/u0 [20, 31]; the value for Ref. [31] indicates a
lower bound. For a more detailed analysis, see [22].
T = 25◦ C
ST /a
(K−1µm−1)
h
(µm)
h/a
Helden et al. [21] 56 0.03− 0.3 0.012− 0.12
Eslahian et al. [20] 7.4 2 9
Braibanti et al. [31] 6.5 > 50 > 200
4FIG. 5: Thermophoretic trapping parallel to the capillary.
We show ST /a as a function of a/w. The data of Duhr and
Braun are taken in a capillary of width w = 10µm [33], and
those of Jiang et al. in w = 2µm [32]. The solid line is cal-
culated from (11) where hydrodynamic effects are accounted
for by Oseen’s model for the parallel diffusion coefficient. The
dashed line indicates the bulk value S0T /a = 7.4 K
−1µm−1.
[29]. The law u0 =const. ceases to be valid for no-stick
boundary conditions with large Navier slip length and for
particles smaller than the Debye length [19]; yet none of
these cases is relevant for the systems considered here.
Fig. 4 shows Soret data ST /a as a function of a, mea-
sured for PS particles in five experiments. In the setup
of Refs. [20, 30, 31] the temperature gradient is perpen-
dicular to the boundary as in Fig. 1; a parallel configu-
ration is used in [32, 33], with the particles moving along
the capillary. The data of [20, 30–32] show the behavior
ST /a = const. expected for large h, and even their abso-
lute values agree well with each other. A constant ratio
was also observed for surfacted microemulsion droplets
[34]. On the contrary, Duhr and Braun reported a linear
variation ST /a ∝ a over two orders of magnitude [33].
Motion parallel to the capillary. In view of this dis-
crepancy, we complete our discussion of hydrodynamic
effects by considering thermophoresis along the bound-
aries, where confinement is expressed in terms of the ratio
of the particle radius a and the width w of the capillary.
In view of the experiments [32, 33] we consider the per-
turbative range a  w only. In Oseen’s model for par-
allel diffusion, confinement reduces the Stokes-Einstein
coefficient of a particle at vertical position z according
to D0/D‖ = 1 + 98
a
z +
9
8
a
w−z [15]. The thermophoretic
velocity is hardly affected by the walls, in leading order
we have u/u0 = 1. Taking the position average in the
interval [a,w − a], we find
ST
S0T
= 1 +
9
4
a
(w − 2a) ln
w − a
a
(a w). (11)
In Fig. 5 we plot the reduced Soret data from Refs.
[32, 33] as a function of a/w, and compare with the the-
oretical expression (11). If the four data points of Jiang
et al. [32] agree well with theory, this is not the case for
those of Duhr and Braun: The Soret effect of the biggest
particles (a = 1 µm) is three times stronger, whereas that
of the smallest one (a = 22 nm) is by one order of magni-
tude too weak. This discrepancy can not be explained by
higher-order terms in (11) or by additional effects such
as thermoosmosis along the capillary. For a discussion of
experimental issues, see Ref. [31].
Conclusion. We have studied hydrodynamc effects on
the velocity and the confinement of colloids approach-
ing a wall. At very small distances hˆ  1, lubrication
approximation results in the reduction factor u/u0 =
−3hˆ ln hˆ, which is by a logarithmic factor larger than
that of the diffusion coefficient, D/D0 = hˆ.
Our theory provides a quantitative explanation for a
recent experiment on confined thermophoresis [21], where
the measured Soret coefficient is by almost one order
of magnitude larger than expected from previous stud-
ies without confinement. This confirms Derjaguin’s ap-
proach to thermal motion which is based on surface forces
and hydrodynamics.
More generally, our findings show that hydrodynamic
coupling strongly affects the motion of surface-active col-
loids in micron-size capillaries or close to solid bound-
aries.
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